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A B S T R A C T   

Double-network (DN) hydrogels have received extensive attention owing to their excellent me-
chanical properties such as high fracture toughness. It is widely accepted that the toughening 
mechanism of DN gels is based on the mutual interaction of two contrasting interpenetrating 
networks. However, the quantitative interpretation of this toughening mechanism during fracture 
is still lacking; there are also some contradictions regarding the fracture toughness. In this study, 
we developed a quantitative framework to decompose the fracture toughness and feature size of 
the crack-tip field. Through extensive tearing tests with varying free widths of the tearing spec-
imens, we propose an exponential function to describe the relationship between the apparent 
fracture energy and free width. Using the proposed function, the fracture energy and feature size 
of the dissipation zone were decomposed into their different components, and their quantitative 
values were obtained. Tearing tests were also conducted on prestretched DN gels, which showed 
that the intrinsic fracture energy is related to the historical deformation. Finally, we established 
an intrinsic fracture model with a clear physical meaning by considering the complex interactions 
between the two interpenetrating networks of DN gels. The model revealed the physical mech-
anism behind the dependence of the intrinsic fracture energy of DN gels on the historical loading. 
The contributions of the two interpenetrating networks of DN gels to the intrinsic fracture energy 
were quantitatively decomposed by the model, and the feature size of the intrinsic field was also 
obtained. The study reveals the physical inconsistencies in some opinions about DN gel fracture 
and resolves some paradoxes on the toughness of DN gels.   

1. Introduction 

In recent years, soft materials (e.g., hydrogels and elastomers) have drawn significant attention owing to their superior mechanical 
properties, such as large deformability (Liu et al., 2015), shape memory effect (Huang et al., 2020), and multistimuli response (Xu and 
Liu, 2020). With these unique properties, soft materials have numerous potential applications in various fields (Li et al., 2020; Liu 
et al., 2020; McCracken et al., 2020; Yang and Suo, 2018). However, emerging applications require the enhancement of the mechanical 
properties of soft materials, which facilitates the formation of double-network (DN) hydrogels (Gong, 2010; Gong et al., 2003). 
Compared with traditional single-network hydrogels, DN gels exhibit a high modulus and crack resistance because of their unique 
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network structures. DN gels have two types of interpenetrating networks with contrasting structures: a rigid and brittle network with 
densely cross-linked short chains called the first network; and a soft and stretchable network with loosely cross-linked long chains 
called the second network. During deformation, the first network serves as sacrificial bonds to dissipate energy, whereas the second 
network maintains the integrity of the hydrogel. Although the structure of DN gels is relatively well understood (Fukao et al., 2020; 
Nakajima et al., 2013), a systematic understanding of the underlying toughening mechanisms of DN gels against crack propagation 
remains lacking owing to the complexity of the internal structures. 

Fracture toughness is a mechanical property of materials that is commonly used to describe their resistance to crack propagation. 
For soft materials, the fracture toughness is often characterized by the fracture energy, which is defined as the energy required for a 
crack to propagate along a unit area. The fracture energy can be measured by various methods (Greensmith, 1963; Long and Hui, 2016; 
Rivlin, 1953), such as the pure shear test, single-edge notch test, and tearing test. For soft materials with large energy dissipation (e.g., 
DN gels), the apparent fracture energy Γ that is directly measured by the fracture test is normally decomposed into two parts: the 
intrinsic fracture energy Γ0 and dissipated fracture energy Γd (Long et al., 2021; Long and Hui, 2016; Matsuda et al., 2021; Zhao, 2014) 

Γ = Γ0 + Γd (1)  

where Γ0 is related to the chain scission at the crack tip (Lei et al., 2021), and Γd is the fracture energy due to mechanical dissipation (e. 
g., microstructural damage, viscoelasticity, plasticity) in the dissipation zone around the crack tip. The size of the dissipation zone 
ranges from micrometers to centimeters depending on the material (Long et al., 2021). According to recent studies, the fracture energy 
of DN gels ranges from 100 to 5000 J /m2 (Matsuda et al., 2020), while the dissipation zone is in the millimeter range (Long et al., 
2021). 

Over the last few years, the toughening mechanism of DN gels has been extensively investigated. Unlike brittle materials whose 
fracture energy is considered to be dominated by the intrinsic fracture energy, it is generally recognized that the fracture energy of DN 
gels is mostly contributed by the bulk energy dissipation (Liang et al., 2011; Long et al., 2021; Long and Hui, 2016; Yu et al., 2009). 
Damage to the first network results in the large energy dissipation of DN gels, while the intrinsic fracture energy Γ0 is assumed to be 
very close to the toughness of the second network and much lower than the dissipated fracture energy Γd. The above studies suggest 
that Γ0 ≈ Γ2nd− network ≪ Γd, Γ ≈ Γd. 

To further clarify the toughening mechanism, efforts have been made to quantitatively determine the constituents of the fracture 
energy of DN gels. For the intrinsic fracture energy of soft materials, Zhao et al. (2021) reported that this could be measured by a 
fatigue test. During the fatigue test, the polymer chains of the first network were depleted in the crack-tip field, and only the chain 
scission of the second network contributed to the fracture energy during crack propagation. In this regard, the fatigue threshold is the 
intrinsic fracture energy. Another method to characterize the intrinsic fracture energy is by prestretching the DN gel to a certain degree 
before conducting the fracture tests (Matsuda et al., 2021; Zhang et al., 2015). The fracture energy of the prestretched specimen is 
considered to be close to the intrinsic fracture energy because most of the first-network strands were ruptured during the stretching 
process and the dissipative capacity was nearly consumed. However, it is worth mentioning that both the fatigue threshold of DN gels 
(~ 400 J /m2) (Zhang et al., 2018) and the fracture energy of prestretched DN gels (~ 700 J /m2) (Matsuda et al., 2021) are much larger 
than the fracture energy of the pure second network (PAAm, ~ 100 J /m2). For the dissipated fracture energy of DN gels, a mecha-
nochemical technique was recently developed for visualizing and quantifying the damage zone of DN gels. Through this technique, the 
damage distribution could be quantitatively represented as a fluorescence intensity map (Matsuda et al., 2020, 2021). By relating the 
fluorescence intensity to the tensile data, the dissipated energy density in the damage zone of DN gels could be quantitatively esti-
mated. Using this mechanochemical method, the dissipated fracture energy was measured as ~ 300 J /m2, which is considerably 
smaller than the apparent fracture energy of ~ 900 J /m2 and of the same order of magnitude as the intrinsic fracture energy ~ 500 
J /m2. Based on these quantitative methods, it was realized that the intrinsic fracture energy of DN gels is much higher than the fracture 
energy of the pure second network, and even of the same order of magnitude as the dissipated fracture energy. These experimental 
results seem to contradict the previous understanding that Γ0 ≈ Γ2nd− network ≪ Γd, Γ ≈ Γd, indicating that the underlying toughening 
mechanism of DN gels has yet to be fully understood and requires further study. 

In this paper, we present a series of detailed fracture experiments and complementary theoretical modeling to elucidate several key 
issues regarding the paradoxes of the fracture energy of DN gels. We propose a set of quantitative methods to decompose the fracture 
energy and characteristic size of the crack-tip field of DN gels to reveal the underlying toughening mechanisms of DN gels and the 
deformation states in the crack-tip field. Experimental studies on the material synthesis and mechanical tests are described in Section 2. 
In Section 3, we present the experimental results of the tearing test, on the basis of which an exponential function is proposed to 
accurately describe the relationship between the fracture energy and free width. Then, the fracture energy and feature size of the 
dissipation zone are decomposed. The tearing test on prestretched DN gels demonstrates that both the apparent and intrinsic fracture 
energies are dependent on the historical deformation. In Section 4, an intrinsic fracture model is established to interpret the interaction 
between the two interpenetrating networks and their contribution to the intrinsic fracture energy. The feature size of the intrinsic field 
can also be obtained with this model. In Section 5, we discuss the feature sizes obtained in this study with two length scales that are 
widely used in the study of highly deformable soft materials. Compared with our feature sizes, these two length scales seem unsuitable 
for describing the crack-tip field of DN gels. Section 6 presents some concluding remarks. 

2. Experimental investigations of DN gels 

To explore the mechanical properties of the DN gel and its single-network hydrogel components during deformation and fracture, 
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we conducted the uniaxial tensile test, 180-degree peeling test, and tearing test. 

2.1. Material synthesis 

A two-step polymerization method was used for the DN gel (Gong et al., 2003). The 1-acrylamido-2-methylpropanesulfonic acid 
(AMPS; Aladdin) and acrylamide (AAm; Macklin) were used as the monomers of the first network (PAMPS) and second network 
(PAAm), respectively. For both networks, N, N′-methylenebisacrylamide (MBAA; Aladdin) and 2-oxoglutaric acid (OA; Aladdin) were 
used as the crosslinker and radical initiator, respectively. For the first network, the feed concentrations of the monomer (AMPS), 
crosslinker (MBAA), and radical initiator (OA) were 1 M, 20 mM, and 2 mM, respectively. For the second network, the feed con-
centrations of the monomer (AAm), crosslinker (MBAA), and radical initiator (OA) were 2 M, 0.4 mM, and 2 mM, respectively. The 
precursor solution of the first network was poured into a glass mold and cured under UV light (80 W, 365 nm). The synthesized 
first-network hydrogel PAMPS was then immersed in a large amount of the precursor solution of the second network for at least one 
day to be fully swollen. Afterwards, it was placed between a pair of glass plates and cured again under UV light. The irradiation time for 
the polymerization of the first and second networks was 10 h. For the PAMPS and PAAm hydrogels, the same feed concentration and 
irradiation time as those of the first and second networks in the DN gel were used for synthesis. 

2.2. Mechanical tests for the DN gel and its components 

2.2.1. Uniaxial tensile test 
To characterize the stress–stretch relationship and dissipated energy density of DN gels under uniaxial tension, we carried out two 

types of uniaxial tensile tests for the DN gels: monotonic loading and cyclic loading tests. Both tests were conducted on dumbbell- 
shaped samples by a tensile test machine (SHIMADZU AGS-X; 1000 N load cell). The sample had an initial gauge length of 20 mm, 
and a width and thickness of 4 mm and 1.5 mm, respectively. To investigate the effects of the loading speed on the deformation 
behavior, we conducted monotonic tensile tests at different loading velocities from 50 mm/min to 200 mm/min. The stress–stretch 
relationship of DN gels was found to be rate-independent in this range. Therefore, a loading velocity of 100 mm/min was used. 

We obtained the stress–stretch relationship by conducting a monotonic loading test, as shown in Fig. 1a. It is generally considered 
that the whole loading curve of DN gels can be divided into three regions: prenecking, necking, and hardening (Nakajima et al., 2013). 
In the prenecking region, the stress increases monotonically with the stretch until it reaches the necking point, at which the necking 
begins. In the necking region, the stress remains constant as the stretch increases, and the DN gel exhibits a yielding behavior. As the 
stretch further increases, the DN gel exhibits a hardening behavior and the stress once again increases. 

During cyclic loading, the DN gel performs large hysteresis loops, as shown in Fig. 1b. The dissipated energy density of DN gels is 
dependent on the maximum historical stretch, and can be measured by the area of the hysteresis loop at the corresponding stretch. The 
value of dissipated energy density can be used to calculate the dissipated fracture energy in the pre-yield and yield fields. 

2.2.2. 180-degree peeling test 
To better understand the fracture toughness of the DN gel, the fracture properties of its component single-network hydrogels 

(PAMPS and PAAm hydrogels) were clarified. Because the PAMPS hydrogel is too fragile to be subjected to other types of fracture tests, 
such as tearing and pure shear tests, we carried out the 180-degree peeling test to compare the toughness of the DN gel and its 
component single-network hydrogels. 

In the 180-degree peeling test (Fig. 2a), a hydrogel sample with a length of 100 mm and width of 10 mm was first coated with an 

Fig. 1. Stress-stretch curves under uniaxial tensile tests of DN gels. (a) Monotonic loading curve of a DN gel. (b) Cyclic loading curve of a DN gel. 
The curves can be divided into three regions: ① prenecking, ② necking, and ③ hardening region. 
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adhesive primer (DGGULI) and then glued to a soft but inextensible backing (Scotch tape; 3M) on both sides by cyanoacrylate (Loctite; 
Hendel). The thicknesses of the DN gel and two single-network hydrogels used in this test were 3 mm and 2 mm, respectively. The 
hydrogel sample was precut using a razor blade. To investigate the effect of the primer on the mechanical properties of the DN gel, we 
performed the uniaxial tensile test on the DN gel with and without the primer. We found that the primer had no effect on the me-
chanical properties of DN gels. The peeling toughness was calculated by the following equation (Gent, 1974; Gent and Hamed, 1977) 

Γ =
2Fc

w
(2)  

where w is the width of the specimen and Fc is the average peeling force when it reaches a plateau. The toughness of the three types of 
hydrogels measured by the peeling tests are 10 ± 1 J /m2 (PAMPS), 126 ± 1 J /m2 (PAAm), and 2616 ± 220 J /m2 (DN gel), as 
shown in Fig. 2b. 

2.2.3. Tearing test 
Tearing test is a common method for measuring the toughness of DN gels. A trouser-shaped sample is usually adopted, and the 

toughness is calculated by (Long and Hui, 2016; Rivlin, 1953) 

Γ =
2Fcλc

t
− 2wWc (3)  

where Fc is the average plateau force, λc is the average stretch of the leg, Wc is the average elastic energy density of the leg when the 
crack propagation reaches a steady state, t is the thickness of the tearing specimen, and w is the width of one leg. To simplify the 
calculation of the toughness, we used a trouser-shaped specimen with backings on the legs (Fig. 3a). The backing has a relatively low 
bending stiffness and high tensile stiffness compared with DN gels. In this case, the elongation of the leg is constrained, and λc and Wc 
can be approximated as one and zero, respectively. Therefore, the toughness for the tearing test with backings on the legs is simplified 
from Eq. (3) as 

Γ =
2Fc

t
(4) 

A typical force-displacement curve of the DN gel during our tearing test is shown in Fig. 3b. 
To study the effect of the dissipation zone on the fracture toughness of DN gels, we introduce a new parameter in the tearing test, 

the free width b, which represents the distance between the two backings of the trouser-shaped sample (Fig 3a). We chose the tearing 
test because the value of b is directly related to the size of the damage zone, and b can be easily controlled by adjusting the distance 
between two backings. Here, we measured the toughness of DN gels with different b values ranging from 0 mm to 10 mm. When b = 0 
mm, the deformation of crack tip field is completely constrained by the backing, it is considered that there is no dissipation zone during 
the fracture process, Γd = 0. Therefore, the measured fracture energy is the intrinsic fracture energy, i.e., Γ = Γ0. It is worth 
mentioning that although we changed the distance between the two backings, the elongations of the legs of the sample were still 
constrained, and Eq. (4) can be applied to obtain the tearing toughness of DN gels. It should also be noted that the tearing method used 
for b = 0 is slightly different from the method used for b ∕= 0. When b ∕= 0, the Fc in Eq. (4) is the average plateau force during loading. 
However, when b = 0, the trouser-shaped specimen is torn along with the backing. Thus, the loading force during tearing is the total 
force required to simultaneously tear the DN gel and backing. In this case, the Fc in Eq. (4) should be modified as 

Fc = Ftotal − Fbacking (5)  

where Ftotal is the plateau force to tear both the DN gel and backing, and Fbacking is the plateau force to tear just the backing. The 
experimental images of the tearing tests with different free widths b are shown in Fig. 4. The entire tearing process is provided in Video 

Fig. 2. 180-degree peeling test. (a) Experimental setup. (b) The toughness of PAMPS, PAAm, and DN gels measured by the 180-degree peeling test.  
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S1. 
In the tearing test, the following parameters of the specimen were adopted. For b = 0, the length and width of the specimen are 50 

mm and 30 mm, respectively, with an initial cut of ~ 10 mm by a pair of scissors. For b ∕= 0, the length and width of the specimen are 70 
mm and 30 mm, respectively, with an initial cut of 15 mm. The thickness of all tearing specimens is 1.5 mm. It should be noted that the 
initial crack length is considered to have no influence on the average plateau force Fc according to our experiments. 

3. Fracture toughness of DN gels 

3.1. Effect of free width b on the toughness of tearing 

From our tearing test results, we obtained the relationship between the apparent toughness Γ and free width b, as shown in Fig. 5. It 
can be seen that as b increases from 0 mm to 10 mm, the apparent toughness Γ first increases and then plateaus. The plateau value of 
the apparent toughness Γ is denoted as the plateau toughness Γp. From Eq. (1), the apparent toughness Γ can be divided into the 
intrinsic fracture energy Γ0 and dissipated fracture energy Γd. The dissipated fracture energy Γd is contributed by the energy dissipation 
in the crack-tip field when the crack propagates along a unit area. When b is set as 0, the deformation of the crack-tip field is con-
strained by the backing and cannot dissipate energy; hence, Γd can be eliminated and Γ = Γ0. 

We propose an exponential function to describe the quantitative relationship between Γ and b based on Fig. 5 

Γ = − a1 ∗ e− a2b + a3 (6) 

Fig. 3. Tearing test. (a) Experimental setup. (b) Force− displacement curve of a trouser-shaped DN gel specimen during the tearing test.  

Fig. 4. Experimental images of tearing tests with different free widths b. (a) b = 0 mm. (b) b = 2 mm. (c) b = 8 mm. The scale bars represent 1 cm.  
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where a1, a2, and a3 are the fitting parameters (a1, a2, and a3 have positive values). Through Eq. (6), we can obtain the physical 
meaning of these parameters by considering two extreme conditions. When b → + ∞, Γ = a3 = Γp, Thus, a3 represents the plateau 
toughness Γp. When b → 0, Γ = a3 − a1 = Γ0. Recall that a3 is the plateau toughness Γp, then a1 should be the dissipated fracture 
energy Γd when Γ = Γp. When b = 0, the derivative of Eq. (6) is a1a2, which means that the initial slope of Eq. (6) increases with a2 (a1 

is set as a constant). With a higher value of a2 (a1 and a3 are set as constants), the apparent toughness Γ will reach the plateau toughness 
Γp with a smaller value of b. 

Based on this relationship between Γ and b, a transition value of b exists, above which Γ tends to be a constant. This transition value 
of b is defined as a feature size of the dissipation zone of DN gels, and is denoted by ld. Mathematically, ld is determined as the value of b 
when the apparent toughness reaches 0.99 ∗ Γp. Therefore, we have 

− a1 ∗ e− a2 ld + a3 = 0.99a3 (7)  

ld =
lna1 − ln0.01a3

a2
(8) 

By fitting Eq. (6) with the experimental results in Fig. 5, a1, a2, and a3 are obtained as 1607, 0.45, and 3622, respectively. Thus, Eq. 
(6) becomes 

Γ = − 1607 ∗ e− 0.45b + 3622 (9) 

By studying Eq. (9), the plateau toughness Γp is 3622 J /m2 and the intrinsic fracture energy Γ0 is 2015 J /m2 for the DN gels used in 

Fig. 5. Relationship between the apparent toughness Γ and free width b.  

Fig. 6. The dissipation zone in the crack tip field of DN gels with different values of b. (a) When b is zero, there is no dissipation zone around the 
crack tip. (b) When b is greater than zero and smaller than the feature size of the dissipation zone ld, the dissipation zone is restricted by b. (c) When 
b is larger than ld, the dissipation zone does not change with b. 
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this study. When Γ = Γp, the dissipated fracture energy Γd is 1607 J /m2. By substituting the values of a1, a2, and a3 into Eq. (8), the 
feature size of the dissipation zone ld is calculated as 8.5 mm. Interestingly, the intrinsic fracture energy Γ0 (2015 J /m2) measured in 
this study is of the same order of magnitude as the dissipated fracture energy Γd (1607 J /m2), and much larger than the fracture energy 
of the pure second-network hydrogel PAAm Γ2nd− network (126 J /m2 in Fig. 2b). This indicates that the contribution of Γ0 to the total 
fracture energy cannot be neglected. 

The relationship between the apparent fracture energy Γ and free width b confirms the existence of a large dissipation zone in the 
DN gels. The mechanism behind the experimental results in Fig. 5 can be explained as follows. When b is zero, the deformation of the 
crack-tip field is restricted, and it has no dissipation zone (Fig. 6a). The measured value of Γ is the intrinsic fracture energy Γ0. When b 
is greater than zero and smaller than the feature size of the dissipation zone ld (0 < b ≤ ld), the actual size of the dissipation zone is 
determined by b (Fig. 6b). As a result, the value of Γ is smaller than Γp with less dissipated energy in the crack-tip field, and increases as 
b increases. When b is larger than the feature size of the dissipation zone ld, the size of the dissipation zone during crack propagation is 
ld and does not change with an increase in b (Fig. 6c); thus, the apparent toughness reaches the plateau Γp. 

According to the work of Bai et al. (2019), the tearing toughness of tough gels, which is a type of DN hydrogel, may depend on the 
thickness of the specimen. To investigate the influence of thickness on toughness, we repeated the peeling test with a specimen 
thickness of 3 mm and b of 0 mm. The intrinsic fracture energy of 2329 ± 32 J /m2 was obtained, which is close to the intrinsic 
fracture energy of 2113 ± 151 J /m2 obtained in the previous test with a specimen thickness of 1.5 mm. These results show that the 
toughness of the DN gel was not affected by the increase in thickness from 1.5 mm to 3 mm. Thus, in this study, we did not consider the 
influence of thickness on the tearing test results. 

3.2. Decomposition of fracture energy and feature size of the damage zone 

To elucidate the relationship between the deformation states of the crack-tip field and fracture energy Γ, the crack-tip field is 
divided into four regions according to their deformation states (Fig. 7): elastic, pre-yield, yield, and intrinsic fields. The pre-yield, yield, 
and intrinsic fields constitute the damage zone. Polymer chain scission in the first or second network occurs in these fields and 
contributes to the toughness of the DN gels. 

In the elastic field, the deformation of DN gels is relatively small and without the occurrence of damage. The DN gels in this field 
remain elastic and do not contribute dissipated energy to the toughness Γ. The pre-yield and yield fields are collectively referred to as 
the dissipation field. The stress in the dissipation field is greater than that in the elastic field owing to the stress concentration around 
the crack tip. Damage accumulation occurs in the dissipation field, and the dissipated energy in this field contributes to the value of Γd. 
In the dissipation field, only the polymer chains in the first network rupture to dissipate energy, whereas the polymer chains in the 
second network do not break. In the intrinsic field, the polymer chains in both networks rupture to allow crack propagation, 
contributing to the intrinsic fracture energy Γ0. 

Despite the complexity of the stress state of the crack tip in the tearing test, the uniaxial tensile result was adopted as an 
approximation to describe the crack-tip deformation state (Matsuda et al., 2020; Matsuda et al., 2021). The deformation states of DN 
gels in the pre-yield and yield fields were assumed to correspond to the deformation states (i.e., ① prenecking region and ② necking 
region) in the uniaxial tensile test (Fig. 1). 

During crack propagation, the dissipated energy density is maximized at the crack surface owing to the stress concentration and 
decreases along the z-direction (Fig. 8a) (Matsuda et al., 2021). The distribution of the dissipated energy density indicates the degree of 
internal damage in the DN gels. By integrating the dissipated energy density Udiss in the z-direction, we obtain the value of Γd (Long and 
Hui, 2016) 

Fig. 7. Deformation fields in the crack tip, i.e. elastic, pre-yield, yield, and intrinsic field.  

Y. Jia et al.                                                                                                                                                                                                              



Journal of the Mechanics and Physics of Solids 169 (2022) 105090

8

Γd(b) = 2
∫

b
2

0

Udiss(z)dz (10) 

From Eq. (1), Γ is a component of Γd and Γ0. Therefore, the apparent toughness Γ can be calculated as 

Γ(b) = 2
∫

b
2

0

Udiss(z)dz + Γ0 (11) 

By substituting Eq. (9) into Eq. (11) and taking the derivative of Eq. (11), we obtain 

dΓ(b)
db

= Udiss(b / 2) = 723.15 ∗ e− 0.45b (12) 

We assume that the function of Udiss(z) is independent of the value of b, and replace b with 2|z|. Thus, we obtain the dissipated 
energy density at different coordinates along the z-axis 

Udiss(z) = 723.15 ∗ e− 0.9|z| (13) 

According to Eq. (13), the dissipated energy density Udiss at different coordinates along the z-axis (z ≥ 0) is plotted in Fig. 8c. As 
mentioned above, the dissipated energy in the pre-yield and yield fields contribute to Γd 

Γd = Γd,P + Γd,Y (14)  

where Γd,P and Γd,Y is the dissipated energy in the pre-yield and yield fields, respectively, when the crack propagates along a unit area. 

Fig. 8. The coordinates of the tearing specimen and the dissipated energy density Udiss in the crack-tip field. (a) Schematic illustration of a fractured 
tearing specimen and the (x, y, z) coordinates. (b) Feature sizes of the dissipation field and yield field. (c) Udiss at different coordinates along the axial 
of z (z ≥ 0). 
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Obtaining the function of Udiss(z) in Eq. (13), the dissipated fracture energy in the pre-yield field Γd,P and yield field Γd,Y can be 
calculated by integrating Udiss(z) in the z-direction as follows 

Γd,P = 2
∫

ld
2

ld,Y
2

Udiss(z)dz (15)  

Γd,Y = 2
∫
ld,Y

2

0

Udiss(z)dz (16)  

where ld and ld,Y is the feature size of the dissipation and yield fields, respectively (Fig. 8b). The feature size of the pre-yield field is 
denoted as ld,P: ld,P = ld − ld,Y . The values of Γd,Y and Γd,P correspond to 2S1 and 2S2, as shown in Fig. 8c. 

From Fig. 8c, it can be seen that in the dissipation zone, the value of Udiss decreases with the increase in |z|. At the edge of the 

dissipation zone (Fig. 8b), Udiss decreases to zero (Udiss

(
ld
2

)
= 0). According to Matsuda et al. (2021), the maximum dissipated energy 

density in the pre-yield field occurs at the edge between the pre-yield and yield fields, which is Udiss

(
ld,Y
2

)
. The value of Udiss

(
ld,Y
2

)
is the 

dissipated energy density at the necking point determined by the uniaxial cyclic tensile test, and corresponds to the area SA in Fig. 1b. 
Substituting ld,Y2 as z into Eq. (13), we obtain 

Udiss

(
ld,Y

2

)

= 723.15 ∗ e− 0.9
ld,Y

2 = SA (17) 

According to Fig. 1b, the value of SA is 155.22 kJ /m3. Thus, the feature size of the yield field ld,Y is 3.4 mm. It is worth noting that in 
the yield field, the maximum Udiss (723.15 kJ /m3) at z = 0 (Fig. 7c) is very close to the area of SA + SB + SC (730.63 kJ /m3), which is 
the total dissipated energy density when the DN gels complete the necking stage in the uniaxial tensile test (Fig. 1b). The obtained Udiss 

in the crack-tip field corresponds to the dissipated energy density of the DN gels in the uniaxial tensile test. The relationship between 
the total dissipated energy density and maximum deformation state of the DN gels is monotonic (Fig. 1b). The above findings validate 
our assumption that the deformation states of DN gels in the pre-yield and yield fields correspond to the deformation states in the 
uniaxial tensile test. 

All the feature sizes of the dissipation zone are now obtained. The feature size of the dissipation field ld is 8.5 mm, the feature size of 
the yield field ld,Y is 3.4 mm, and the feature size of the pre-yield field is 5.1 mm (ld,P = ld − ld,Y). Substituting the values of ld,Y and ld 

into Eqs. (15) and (16), the dissipated fracture energy in the pre-yield field Γd,P is estimated as 347 J /m2, while that in the yield field 
Γd,Y is estimated as 1260 J /m2. 

Up to now, we have successfully decomposed Γd and ld into their components. The decomposition process of Γd and ld has an 
explicit physical meaning and leads to a deeper understanding of how the deformation of the crack-tip material influences the 
toughness value. Based on our finding that most of the energy dissipation occurs in the yield field (Γd,Y > Γd,P), DN gels that exhibit an 
apparent necking phenomenon may have a higher toughness value, which can guide the design of DN gels for practical use. In addition, 
because the large dissipated fracture energy Γd of DN gels is attributed to a large dissipation zone, if their deformation is excessively 
restricted, then the advantage of DN gels in resisting crack propagation cannot be properly nor fully exploited. Therefore, we 
recommend that sufficient free space be retained when using DN gels, at least in the size of ld,Y . 

Fig. 9. DN gel is prestretched before the tearing test.  

Y. Jia et al.                                                                                                                                                                                                              



Journal of the Mechanics and Physics of Solids 169 (2022) 105090

10

3.3. Effect of prestretch on the toughness of tearing 

For DN gels, damage accumulates during deformation, as shown in Fig. 1b. The degree of damage of DN gels is determined by their 
maximum historical deformation. To determine the influence of the historical deformation on the fracture energy of DN gels, we 
conducted the following experiments. 

We first loaded the specimen in one direction to a relatively large stretch of eight, at which the DN gel has reached the hardening 
region, and then unloaded the specimen. We defined the DN gel specimen that was preloaded before the tearing test as the prestretched 
DN gel. Similarly, the DN gel specimen with no historical deformation before the tearing test was denoted as the as-prepared DN gel. 
Then, we performed tearing tests on the prestretched specimen with b = 0 mm and 10 mm, and obtained the corresponding toughness. 
The experimental process is shown in Fig. 9 with a specimen size of 50 mm long, 30 mm wide, and 1.5 mm thick. The crack propagation 
direction was set to be the same as the preloading direction to avoid the influence of damage anisotropy. The residual deformation due 
to loading was found to be negligible in our experiments. 

By performing tearing tests on the prestretched and as-prepared samples with free widths b = 0 mm and 10 mm, we obtained the 
intrinsic fracture energy Γ0 and plateau toughness Γp for these two types of specimens (Fig. 10). From Fig 10, it can be seen that the Γ0 

values for prestretched and as-prepared DN gels are 1321 ± 123 J /m2 and 2113 ± 151 J /m2, while the Γp values are 
1311 ± 105 J /m2 and 3638 ± 132 J /m2, respectively. Interestingly, it can be seen that for prestretched DN gels, the Γ0 and Γp values 
are nearly the same, and both are smaller compared with those of the as-prepared DN gels. 

It can be inferred that the apparent toughness Γ is related to the historical deformation because the damage to the PAMPS chains is 
irreversible. After prestretching, there will be fewer effective PAMPS chains in the DN gel. During crack propagation, the remaining 
undamaged PAMPS chains will contribute less to the dissipated energy and reduce Γd. Therefore, we can conclude that after pre-
stretching, the DN gel has a smaller Γp value compared with that of the as-prepared DN gel. When the prestretch is sufficiently large, 
there are few effective PAMPS chains remaining in the DN gel to dissipate energy, and the dissipated fracture energy Γd is close to zero. 
Thus, the Γ0 value will be close to Γp after a large prestretch. 

With regard to the intrinsic fracture energy Γ0 of DN gels, Γ0 is usually considered as the material property, which means that it is a 
constant regardless of the historical deformation. Besides, it is often assumed that the Γ0 of DN gels is of the same order of magnitude as 
the toughness of its PAAm hydrogel component (Brown, 2007; Tanaka, 2007). Although these opinions are widely accepted, they may 
not be true according to the results of our experimental study. In our experiment, the Γ0 of as-prepared and prestretched DN gels were 
measured as 2113 ± 151 J /m2 and 1321 ± 123 J /m2, respectively. This large difference demonstrates that the Γ0 of DN gels is 
dependent on the historical deformation. In addition, our experimental results show that the two Γ0 values are significantly larger than 
the PAAm hydrogel toughness ΓPAAm of 126 ± 1 J /m2 (Fig. 2b). 

Unfortunately, to the best of our knowledge, there is no model that can properly explain why the Γ0 of DN gels is much higher than 
the toughness of its component hydrogels, and why it is dependent on the historical deformation. In the next section, we propose a 
model to predict the Γ0 of DN gels. A physical interpretation is given on the origin of the Γ0, and the reason why it decreases after 
prestretching. 

4. Modeling of the intrinsic fracture energy 

The intrinsic fracture energy of polymer networks can be described by the Lake–Thomas model (Lake et al., 1967), in which the 
intrinsic fracture energy is calculated as the energy required to fracture a single layer of polymer chains in a perfect network without 
defects. For single-network hydrogels, a modified form of the Lake–Thomas model is (Tang et al., 2017) 

Fig. 10. Comparison of intrinsic fracture energy Γ0 and plateau toughness Γp between prestretched DN gels and as-prepared DN gels.  
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Γ0 = ϕ
2
3

̅̅̅
n

√
aUl (18)  

where ϕ is the volume fraction of the polymer chains in the hydrogel, n is the number of monomers between two crosslinks, a is the 
number of single bonds per unit volume of the dry polymer, U is the energy required to break a chemical bond, and l is the length of the 
monomer. 

In the Lake–Thomas model, the polymer network is abstracted by the affine network model. The affine network model assumes that 
the ends of the polymer chains are fixed to an elastic background, which means that the scission of a single polymer chain will not 
affect the surrounding polymer chains. Thus, the Lake–Thomas model only considers the energy required to break a single layer of 
polymer chains and neglects the contribution of surrounding polymer chains, which may underestimate the intrinsic fracture energy of 
real polymers. 

Lin et al. modified the traditional Lake–Thomas model based on the phantom network model (Lin and Zhao, 2020). In the phantom 
network model, most of the ends of polymer chains are not fixed to an elastic background and can fluctuate in the polymer network. 
Therefore, when one polymer chain ruptures, the surrounding polymer chains adapt their deformation states to lower energy states 
and release the elastic energy that was previously stored in the surrounding polymer chains. According to Lin et al., for an ideal 
polymer network without defects, the intrinsic fracture energy is f

f − 2 times the value predicted by the traditional Lake–Thomas model 
(Lin and Zhao, 2020), where f is the degree of crosslinking, which is the number of polymer chains at each crosslinking point. Based on 
the work of Lin et al., for an ideal polymer network, the intrinsic fracture energy of a single-network hydrogel is 

Γph
0 =

f
f − 2

ϕ
2
3

̅̅̅
n

√
aUl (19) 

For DN gels, there are two penetrating polymer networks in the hydrogel: the PAMPS network, which is rigid and brittle; and the 
PAAm network, which is soft and stretchable. The PAAm network has much longer polymer chains compared with the PAMPS 
network. Thus, a large number of PAMPS polymer chains will rupture prior to crack propagation, and it is the scission of PAAm 
polymer chains that will finally allow the crack propagation in DN gels. 

According to the modified Lake–Thomas model in Eq. (19), the energy required to break a single layer of PAAm chains in DN gels is 

ΓPAAm
0 =

f
f − 2

(
ϕDN

PAAmϕPAAm
AAm

)2
3 ̅̅̅̅̅̅̅̅̅

nAAm
√

aAAmUlAAm (20)  

where ϕDN
PAAmϕPAAm

AAm is the volume fraction of the PAAm polymer chains in the DN gel, ϕDN
PAAm is the volume fraction of PAAm hydrogel in 

the DN gel, ϕPAAm
AAm is the volume fraction of the polymer chains in the pure PAAm hydrogel, nAAm is the number of monomers between 

two crosslinks in PAAm chains, aAAm is the number of single bonds per unit volume of the dry PAAm polymer, U is the energy required 
to break a C-C bond, and lAAm is the length of the AAm monomer. 

However, in the DN gel, the two interpenetrating networks are closely entangled, and it is impossible to break a single layer of 
PAAm chains without affecting the PAMPS chains. Thus, we believe that both PAAm and PAMPS networks contribute to the intrinsic 
fracture energy of DN gels expressed as 

ΓDN
0 = ΓPAAm

0 + ΓPAMPS
0 (21)  

where ΓDN
0 is the intrinsic fracture energy of the DN gel, and ΓPAAm

0 and ΓPAMPS
0 are the contributions of the PAAm and PAMPS networks 

to ΓDN
0 , respectively. 
According to the phantom network theory (Lin and Zhao, 2020), for an ideal polymer network, the chains within layers of |i| ≤ 5 (i 

represents the sequence of polymer chain layers to the ruptured layer) around the ruptured chain layer will contract to release the 
stored elastic energy (see Supporting Note I in the Supplementary Materials). Therefore, within the range of |i| ≤ 5 in the PAAm 
network, the PAMPS chains in the field will also rupture to release energy. It is worth noting that since the PAAm chains are much 
longer than the PAMPS chains, we estimate the area within which the PAMPS chains are affected by taking into account of the in-
fluence of the rupture of PAAm chains. The rupture of one layer of PAMPS chains will also affect other PAMPS chains. However, this 
area is much smaller than the area affected by the rupture of PAAm chains. The energy required to break all the PAMPS chains in the 
field, because of the rupture of the PAAm network, is calculated as 

ΓPAMPS
0 = ϕDN

PAMPSϕPAMPS
AMPS aAMPS

(
2|i|max + 1

)
(

̅̅̅̅̅̅̅̅̅
nAAm

√
lAAm)

(
ϕDN

PAAmϕPAAm
AAm

)− 1
3U (22)  

where ϕDN
PAMPSϕPAMPS

AMPS is the volume fraction of the PAMPS polymer chains in the DN gel, ϕDN
PAMPSϕPAMPS

AMPS aAMPS is the number of AMPS 

monomer in a unit volume of DN gel, ( ̅̅̅̅̅̅̅̅̅̅nAAm
√ lAAm)(ϕDN

PAAmϕPAAm
AAm )

− 1
3 is the thickness of one layer of PAAm network in DN gel, and 

(2|i|max +1) is the number of layers of PAAm network chains affected by the rupture of one layer of PAAm chains. Therefore, 

(2|i|max +1)( ̅̅̅̅̅̅̅̅̅̅nAAm
√ lAAm)(ϕDN

PAAmϕPAAm
AAm )

− 1
3 is the thickness of the affected field within which all the PAMPS chains rupture to release 

energy. For an ideal polymer network, the |i|max is 5. 
In Eq. (20), we obtained the energy required to break a single layer of PAAm chains in DN gels without considering the influence of 

the PAMPS network. Previous studies showed that the ruptured PAMPS chains will aggregate to form rigid fragments that act as 
crosslinking points for the PAAm chains (Gong, 2010; Nakajima et al., 2013). Thus, for the PAAm chains that are about to rupture in 
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DN gels, the number of monomers between two crosslinks will increase to nAAm|i|max because of the large crosslinking points formed by 
the PAMPS chains. Consequently, Eq. (20) can be modified as 

ΓPAAm
0 =

f
f − 2

(
ϕDN

PAAmϕPAAm
AAm

)2
3

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

nAAm|i|max

√

aAAmUlAAm (23) 

Considering the interaction between the two interpenetrating networks, ΓDN
0 is the summation of ΓPAAm

0 in Eq. (23) and ΓPAMPS
0 in Eq. 

(22). 
The parameters mentioned above are calculated in Supporting Note II in the Supplementary Materials. By substituting the values of 

these parameters into Eqs. (22) and (23), for an ideal network without defects, ΓPAMPS
0 and ΓAAm

0 were calculated as 7.71 J /m2 and 
164.04 J /m2, respectively. The intrinsic fracture energy of the DN gel is 171.75 J /m2, which is much lower than the measured Γ0 ~ 
2000 J /m2 for the as-prepared DN gel in our experiment. 

Note that a real polymer network has many types of imperfections, such as loops, dangling chains, clusters, cavities, and entan-
glements; and exhibits a complex hierarchical structure Li et al., 2021; Seiffert, 2017). Thus, for a real polymer network, the rupture of 
one layer of chains may influence hundreds of surrounding layers; hence, the |i|max may be greater than 5 for an ideal network. Ac-
cording to our experiments, the intrinsic fracture energy of as-prepared DN gels is 2113 ± 151 J /m2. Substituting the measured Γ0 
into Eq. (21), and combining Eqs. (21)–((23), |i|max was estimated as 865. Then, the contribution of single-network hydrogels to the 
fracture energy of DN gels was calculated as ΓPAMPS

0 = 607 J /m2 and ΓPAAm
0 = 1507 J /m2. 

For fully prestretched DN gels, the Γ0 value was measured as 1321 ± 123 J /m2, which is close to the ΓPAAm
0 value obtained from 

our model. This is because the PAMPS chains already ruptured during the preloading process, and ΓPAMPS
0 did not contribute to Γ0. Even 

after prestretching, the Γ0 of the DN gels remained much larger than the fracture energy of pure PAAm hydrogels. According to our 
model, the reason could be as follows. Although the PAMPS chains had already ruptured during the preloading process, the ruptured 
PAMPS chains still remained in DN gels in the form of crosslinking points for the PAAm chains. These newly formed crosslinking points 
enlarged the field of affected PAAm chain layers during crack propagation, which resulted in a large Γ0 value for the prestretched DN 
gels. To describe the thickness of the affected PAAm layers in the intrinsic field, we propose a new feature size l0, which is expressed as 

l0 =
(
2|i|max + 1

)
(

̅̅̅̅̅̅̅̅̅
nAAm

√
lAAm)

(
ϕDN

PAAmϕPAAm
AAm

)− 1
3 (24) 

The value of l0 of the DN gels in this study was calculated as 165 μm. 
So far, we fully decomposed the fracture energy of the DN gels. The total fracture energy Γ was first decomposed into the intrinsic 

fracture energy Γ0 and dissipated fracture energy Γd. Γd was further decomposed into the pre-yield dissipated fracture energy Γd,P and 
yield dissipated fracture energy Γd,Y . Γ0 was simultaneously contributed by the two interpenetrating networks PAAm (ΓPAAm

0 ) and 
PAMPS (ΓPAMPS

0 ). In addition, we obtained the feature sizes of the damage zone at the macro- to microscale. At the macroscale, we first 
obtained the feature size of the dissipation zone ld ~ 8.5 mm, which was decomposed into the feature sizes of the pre-yield zone (ld,P ~ 
5.1 mm) and yield zone (ld,Y ~ 3.4 mm). At the microscale, the feature size of the intrinsic field l0 is approximately the thickness of 
thousands of polymer chain layers, ~ 165 μm. 

5. Discussion of feature size 

Feature size is widely used to characterize the crack-tip field of soft materials, and is relevant to the fracture behavior of materials. 
By introducing feature sizes, the crack-tip field is divided into different regions according to their deformation states, which helps in 
understanding the underlying toughening mechanisms. For the fracture of soft materials, two length scales are widely used (Creton and 
Ciccotti, 2016; Long et al., 2021; Zheng et al., 2021): the elasto-adhesive length associated with elastic deformation near the crack tip, 
and the dissipative length (or fracto-cohesive length) related to the near-tip dissipation. We now compare these two length scales with 
the feature sizes obtained in this study. 

The elasto-adhesive length is defined as Γ/E, where Γ is the fracture energy and E is the elastic modulus. The elasto-adhesive length 
represents the boundary between the nonlinear and linear elastic regions, within which the deformation of materials is dominated by 
nonlinearity. For large deformation materials with nonlinearity, E should be the initial modulus at small strain, where the material can 
be considered as linear elastic. According to our uniaxial tensile test (Fig. 1a), E is estimated as the slope of the stress–stretch curve 
within a 5% strain, which is 0.03 MPa. The Γ value is chosen as Γp, which is 3622 J /m2 according to our tearing test. The obtained 
elasto-adhesive length is 121 mm, which is even larger than the size of DN gel specimens used in our study. This confliction indicates 
that the DN gel is a strongly nonlinear soft material, and the deformation of DN gels in the elastic region (Fig. 7) is actually nonlinear 
because the linear elastic region is too far away to reach. 

The other length scale, the dissipative length, is defined as Γ/Wf , where Γ is the fracture energy and Wf is the work of extension to 
fracture. The dissipative length determines the size of the region within which the stress and strain are concentrated and dissipation 
occurs. According to our uniaxial tensile test, Wf is the area of the stress–stretch curve before the specimen ruptures, which is measured 
as 1730 kJ /m3. The dissipative length is calculated as 2 mm for the DN gels used in our study, which is of the same order of magnitude 
as the feature size of the dissipation zone ld (~ 8.5 mm) measured in our experiment. However, it should be noted that in the definition 
of the dissipative length, the dissipated energy density is assumed to be homogenous in the dissipation zone and taken as Wf . This 
assumption contradicts our tearing test result that the dissipated energy density varies along the direction perpendicular to the crack 
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surface instead of being constant within a certain field (Fig. 8c). The value of Wf (1730 kJ /m3) is larger than the maximum dissipated 
energy density (723 kJ /m3) measured in our experiment in the dissipation field (Fig. 8c). Therefore, the dissipation length Γ /Wf 

underestimates the feature size of the dissipation zone. 
From the above discussion, the two length scales, Γ/E and Γ/Wf , have disadvantages in describing the crack-tip field of DN gels. The 

Γ/E length scale is unsuitable for strongly nonlinear materials such as DN gels, and cannot provide practical guidance for their use. The 
Γ/Wf length scale is convenient to use but not very accurate in predicting the size of the dissipation zone because of the homogeneous 
stress assumption. Moreover, these two length scales are insufficient to describe the complex material behavior in the crack-tip field of 
DN gels. Therefore, more precise and comprehensive feature sizes are required. 

Based on our extensive experiments and theoretical analysis, we obtained all the feature sizes in the damage zone of DN gels 
ranging from the macroscale to the microscale. The feature size of the dissipation zone ld is 8.5 mm, which can be further decomposed 
into the feature size of the pre-yield zone (ld,P ~ 5.1 mm) and yield zone (ld,Y ~ 3.4 mm). The feature size of the intrinsic field l0 is ~ 165 
μm. These feature sizes have clear physical meanings and are closely related to the deformation states of the crack-tip field of DN gels. 
Our feature sizes establish a relationship between the deformation states of the crack-tip field and the fracture energy as well as provide 
new insights into toughening mechanisms. 

6. Concluding remarks 

In this study, we elucidated several contradictions related to the fracture of DN gels in previous studies, and characterized the 
fracture toughness and damage zone of DN gels by quantitatively decomposing the fracture energy and feature sizes. Combining the 
tearing and tensile test results, we divided the crack-tip field into four regions according to their deformation states: elastic, pre-yield, 
yield, and intrinsic fields. In addition, we developed an intrinsic fracture model by considering the complex interactions between the 
two interpenetrating networks in DN gels. Based on the experimental results and theoretical model, the contribution of the damage 
zone to the total toughness along with their feature sizes were determined. 

It is worth mentioning that, several interesting phenomena were observed in our experiments. (i) The intrinsic fracture energy and 
dissipated fracture energy measured by our method are of the same order of magnitude, which contradicts the conventional under-
standing that the fracture energy of DN gels is dominated by the dissipated fracture energy. (ii) By measuring the fracture energy of 
prestretched DN gels, we found that the intrinsic fracture energy is dependent on the historical deformation instead of being a material 
constant. These two phenomena were explained by our intrinsic fracture model. 

In summary, this study established a quantitative framework for decomposing the fracture toughness and feature sizes of the crack- 
tip field, which provides important insights into the underlying toughening mechanism of DN gels. The proposed quantitative 
framework could be generalized to characterize other soft materials with various toughening mechanisms, and to facilitate the design 
and application of future soft materials. 
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